A GENERATING FUNCTION FOR THE TRACE OF 
THE IWAHORI-HECKE ALGEBRA 

ERIC M. OPDAM 

Abstract. The Iwahori-Hecke algebra has a "natural" trace r. 
This trace is the evaluation at the identity element in the usual 
interpretation of the Iwahori-Hecke algebra as a sub-algebra of the 
convolution algebra of a p-adic semi-simple group. The Iwahori- 
Hecke algebra contains an important commutative sub-algebra C[0 X ] , 
that was described and studied by Bernstein, Zelevinski and Lusztig. 
In this note we compute the generating function for the value of r 
on the basis 6 T . 
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1. Notations and main result 

The goal of this paper is to derive a disintegration formula which 
could serve as a starting point for the spectral analysis of the Iwahori- 
Hecke algebra. However, I have decided to postpone the treatment of 
the more spectral analytic aspects of this formula to another paper. 
The formula has a certain interest in its own right, and as a first ap- 
plication we will give an explicit formula for the value of the trace on 
the maximal Abelian subalgebra of the Hecke-algebra. 

I hope to help the reader (and myself) by reviewing the setup and 
definition of the Hecke-algebra, and the elementary theory of its mini- 
mal principal series representations. This is mainly to fix the notations, 
but also to give the reader an impression of the logical order of the basic 
facts that are involved in the proof of the main formula of this paper. 
At the same time, this hopefully provides a convenient basis for further 
papers in this direction. As a drawback, the material in the first sec- 
tion, and parts of the second section is (very) classical and well known 
to specialists. 
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In the first section we review the definition of the Iwahori-Hecke 
algebra. We basically follow Lusztig's paper in this discussion. 

1.1. The root datum 

Let 1Z = (X, Y, R , Rq, F ) be a reduced root datum (I apologize for 
the subscripts, but I have decided to reserve the notation R for the 
affine root system which has to be introduced later). This means that 

(a) X and Y are lattices, with a given perfect pairing 

( v ):XxY-Z, 

(b) R C X, Rq C Y are finite subsets with a given bijection R — > 
Rq, denoted by a — ► a v . (The elements of Rq are called "roots", 
those of Rq are called "coroots".) 

(c) F C -Ro (called the set of fundamental roots). 

(d) (a, a v ) = 2 for all a G Rq. 

(e) For any a G Ro, the reflection s a G GL(X) given by s a (x) = 
x — (x, a y )a maps Rq to itself. Similarly, s a G GL(Y) given by 
Sa(y) — V — (at, 2/)« v maps Rq to itself. 

(f) F is linearly independent, and R C Z> -F U Z< F . (The set 
i?o,+ — -Ro H Z> F is called the set of positive roots.) 

(g) For all a G Rq, 2a G" i?o- 

Put Q = Zi?o and Q v = Zi?Q for the root lattice and the coroot 
lattice respectively. The weight lattice P of R is by definition the 
dual P = Hom(Q v ,Z). It follows from the definitions that there is 
a natural map X — ► P whose restriction to Q C X is the natural 
inclusion Q C P. 

The group generated by the reflections s a is called the Weyl group of 
71, denoted W . The set So = {s a \ a G F} is called the set of simple 
reflections. It is well known that So generates W , and that (Wo, S ) is 
a finite Coxeter group. 

We define the so called dominance (partial) ordering on Y by: 

y > y' & y - y' e Z> < >+ . 

1.2. The afRne Weyl group 

The affine Weyl group W is the semi-direct product 

W = W x X. 

The elements of W are denoted wt x , with the multiplication rule wt x ■ 
w't x t = ww't w ,-i x+x ,. Clearly W acts on the set X. When we think of 
Y x Z as a set of affine linear functions on X, we get the natural dual 
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action of W on Y x Z, defined by (wf)(x) := f(w 1 x). Explicitly, this 
amounts to: 

wt x (y,k) := (w(y),k- (x,y)). 

The affine root system R is by definition the set Rq x Z C Y x Z. It 
is the a I^-invariant set in Y x Z containing the set of coroots Rq. It 
is easy to see that R = R + U i?_ = R + U — -R+ where: 

R + = {(« v , fc) | k > and a G R } U {(a v , 0) | a v G i# >+ }. 

Let S*" 1 C i?o be the set of roots so that {S' m } v is the set of minimal 
coroots (with respect to the dominance ordering). It is clear that R + 
is a simplicial cone, generated over Z> by the set 

F = {{a v , 1) | a G S m } U {(a v , 0) | a G F }. 

This is called the set of fundamental affine roots. For every affine root 
a = (a v , k) we define a corresponding affine reflection s a : X — > X by 
the formula 

s (x) = x — a(x)o;, 

where a(x) = (x, a v ) + fc. This is an element of W since s a = s a tk a - 
We put 

S = {s a \a e F}, 

the set of affine simple reflections. 

It follows easily that the subgroup of W generated by S equals W Q. 
This is a normal subgroup in W, which is an affine Coxcter group with 
S as set of simple reflections. We shall sometimes think of S as the set 
of vertices of the affine Coxeter diagram of (W Q, S). 



1.3. The length function 

The length function /, defined on elements w of WqQ as the mini- 
mal length of a word in the alphabet S representing w, has a natural 
extension to W. The extension is defined as follows: 

(1.1) 

l(wt x ) =#{a G R + | wt x (a) G R-} 

£ |(x,a v ) + l|+ Yl l(*>« V )l- 

aGRo,+nty _1 (-Ro,-) oe-Ro,+n«)- 1 (i?o i+ ) 

Indeed, the length of an element s a G S corresponding to a G F is 
equal to 1, since R + fl s a (R-) = {a}. It follows that for all w G W, 
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From |1.2| it is standard to derive that the restriction of I to WqQ indeed 
coincides with the length function of this Coxeter group with respect 
to the set of generators S. 

Put X + = {x G X | (x,a v ) > 0, Va G F }, the set of dominant 
elements of X. Observe that [O] implies that for all x G X + , w G W : 

l(wt x ) = l{w) + l{t x ) 

{LS) = l(w) + 2(x,p s/ ) 



where p v G P v is defined by 



Similarly, when x G X ++ is strongly dominant and w G Wo we have 
the formula 

l(t x w) = -l(w) + l(t x ). 



Corollary 1.1. The length is an additive function on the Abelian half- 
group consisting oft x , x G X + . 



Proof. Clear from |1.3| . □ 

It is easy to see from the above description of the length function 
that an element w G W has length if and only if it maps F to itself. 
Thus the set of elements in W having length is a subgroup Q of W. 



Using [L2] it is clear that this is a complement for the normal Coxeter 
subgroup WqQ. Hence Q is Abelian, and isomorphic to the quotient 
X/Q. 



1.4. Root labels 

In order to define the Iwahori-Hecke algebra we need to fix a length- 
multiplicative function q on W . In principle q may take its values in any 
Abelian half-group, but for our purposes it is appropriate to assume 
that q takes its values in R>i. In other words, we consider a function 

q : W -> R>i 

such that q{ww') = q{w)q{w') whenever l{ww') = l(w) + l(w'). 

Note that q is identically equal to 1 on the group Q of elements 
of length 0. The function q is therefore completely determined by its 
values on the set S of elements of length 1. On the other hand, any 
function q on S can be extended length-multiplicatively provided that 
Qs = <2V whenever s, s' G S are conjugate in W. 
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We associate to such a function q on W a ^-invariant set of root 
labels on the affine root system R by the following rules. First observe 
that a translation t x with i6l maps a = a v + k G R to a — (x, a v ). 
Hence a is in the orbit of a v , except when a v G 2F and k is odd. Let 
a = a v + G F. If a v G" 2F, we simply put 

q a ■= q(s a ). 

When a v G 2F, let S(a) C S* denote the connected component of the 
Coxeter graph of the affine Coxeter group (WoQ,S). As Lusztig (0, 
Lemma 1.7) remarks, S(a) is of affine type C^f, and the correspond- 
ing root datum 11(a) of type (Q(B n ) = Z n , P(C n ) = Z n , B n , C n , {e x - 
e 2 , . . . , e n _i — e„, e n }) is a direct summand of 7?.. Let to a be the unique 
nontrivial diagram automorphism of S which is trivial on the comple- 
ment of S(a). We now define 

(la ■= q(su> a (a))- 

Explicitly, we define for these fundamental roots in S(a): qi-2 ei = 
q{ s 2e n ) an d ?2e„ = <z(si-2ei)- We extend the affine root labels W- 
invariantly to all of R. It is clear that the affine root labels determine 

q- 

Finally, we can also describe q by means of a WVinvariant set of root 
labels q a v , where a runs over the roots of the possibly non-reduced root 
system R nr defined by 

R nT := R U {2a \ a v G Rq fl 2Y}. 

We do this by restricting the affine root labels to Rq , and when a v G 2Y 
we define: 

qi+a^ 
q a v /2 ■= • 

It is clear that this set of root labels on R^ r also contains the same 
information as the function q. These definitions of root labels are in 
compliance with Macdonald 0], except for the fact that we call roots 
what he calls coroots! 

We list some direct consequences of our notations: 

Corollary 1.2. For all w G W , 

q(w) = Y[ qa+i- 

Corollary 1.3. For all w G W , 

q(w) = Yl ** v - 

aG-Rnr, + n«) _1 -Rnr,- 
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Definition 1.4. The Haar modulus 5 = 5 q is the character on on X 
given by 

5(x) = 5 q (x) := J] ^v QV) - 



aeR n 



Corollary 1.5. When x G X + , 

q(t x ) = S(x). 

1.5. The Iwahori-Hecke algebra 

Now we are ready to define the Iwahori-Hecke algebra Ti associated 
to a root datum 1Z and a set of root labels q a v with a G R nr . 

Definition 1.6. The Iwahori-Hecke algebra H = H,(7Z,q) is the com- 
plex associative algebra with basis T w , w G W , and relations induced 
by the following rules: 

(a) If l{ww') = l(w) + l(w') then T w T w i = T ww i. 

(b) IfseS then (T s + 1)(T S - q(s)) = 0. 

Remark 1.7. It is well known that such an object exists. 

This algebra can be equipped with a * operator, which is the anti- 
linear anti-involution defined by 

T* rri 
w = 1 w~ 1 - 

It is straightforward to check that this indeed extends to an anti- 
involution on Ti. 

The object of study in this note is the canonical trace function r, 
which is by definition the linear functional on 7i that has the following 
values on the basis elements T,„: 



r{T w ) 



1 if w — e. 
else. 



This functional corresponds to the evaluation at the identity element 
when the Hecke algebra is interpreted as a subalgebra of the convolution 
algebra of a semi-simple group of p-adic type. Therefore the following 
lemma is natural: 

Proposition 1.8. The trace r is central and positive. 

Proof. Both statements are clear from the following obvious for- 
mula: 

(1.4) r(T*T w ,) = 5 w , w ,q(w). 
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□ 

The associated Hermitian inner product on Ji is given by the formula 

{h,ti) := r{h*ti). 

Observe that the basis T w is orthogonal with respect to this inner prod- 



uct because of 1.4 



1.6. The Bernstein-Zelevinski basis 

The Hecke algebra 7i contains a large commutative subalgebra. For 
x G X + we define 

9 X = 5(-xf' 2 T tx . 

These elements form an Abelian half-group isomorphic to X + because 
of Corollary |1.1| . By |1.5| they are orthonormal. For general x G X we 
define: 

9 X = 9 y 9~ 1 

where y,z G X + are such that x = y — z. 

The following result is very important, and due to Bernstein and 
Zelevinski (unpublished work). 

Theorem 1.9. (a) The elements T W 8 X , w G Wo, x G X form a basis 

"jn. 

(b) The elements 9 X T W , w G Wo, x G X also form a basis ofH. 

(c) In particular, the subalgebra A = C[9 X ] C H is isomorphic to the 
group algebra of X via x — > 9 X . 

The next result is due to Bernstein and Zelevinski in a special case, 
and to Lusztig in the general case. It tells us how the multiplication 
works in terms of the basis just described in the above theorem. 

Theorem 1.10. Let x G X and a G Fq. Let s = s a . Then 
(1.5) 

9 X T S T S 9 S (^ X ^ 

( gaV _l)^£M if 2a ^R nv . 

((g a v /2 g Q v - 1) + g^C/a^v - l)9- a ) "j/*^ if 2a G i? nr . 

One important consequence of this theorem is the precise description 
of the center Z of 7i. This result is also due to Bernstein and Zelevinski. 

Theorem 1.11. The subalgebra A C Ti is a Wo module via the action 
of W on X. In this sense, the center Z equals Z = A Wo . 
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The behavior of the elements 9 X with respect to the * operator is not 
very complicated: 

Proposition 1.12. Let wq G Wq denote the longest element. 

n* n T' - ! 

u x ~ 1 wo u -wo{x) 1 wq • 

Proof. We may assume that x G X + . We need to show that 
T t _T W0 = T WQ T t _ wo(x) . This is obvious since l{w t- Wo ( x )) = l{w )+l(t x ) 
(see [L3D and w t- wo ( x ) = t- x w Q . □ 



1.7. The main result 

Let T = Hom(X, C x ) be the complex torus of characters of X. Let 
us introduce the c-function, following Macdonald ]§]. For a G R nT and 
t G T define 

, . 1 - 9 a v/2? Q vt(-a) 

c{a, t) : — 



*a v /2 

(In this notation it is understood that q^ = l whenever (3 G" R nr , and 
that we take the positive root of q a ^/2)- When a G Rq we put 

Co(a,t) = c(a,t)c(2a,t). 

It is convenient to introduce the reduced root system Ri = {a G -R nr | 
2a G" -Rnr}- We define for a G R\\ 

Ci(a,t) = c(a, t)c(a/2, t). 

Clearly, when a G i?o H i?i we have c (a,t) = ci(a,t). On the other 
hand, when a G R — Ri, then 2a G R±, and c (a,t) = Ci(2a,t). We 
have for a G i?o : 

i-9~v*(-«) 



c (a,t) 



l-t(-a) 



if 2a G" i? n 



v,„t(-a))(l-J v,„9 v *(-<*)) 



With these notations we define: 
Definition 1.13. 

c(t):= J] c{a,t)= 11 c {a,t)= J] Cl {(3,t). 

a€R m ,+ aeR ,+ PeRi,+ 

We introduce a partial ordering < on the real split part T r , 
Hom(X, R+) of T by 

h < t 2 Va G R ,+ : ti(a) < t 2 («)- 
9' 



Here is the main result of this paper, a generating function for the 
values of r on A. 



Theorem 1.14. We have the following identity of formal Laurent se 
ries (teT): 

f 1 . 

exp,+ 



^r(6 x )t(-x) = {q(w )c(t)c(t-% 
xex 

The right hand side of the equality means the expansion of the rational 
function 1 / (q{wo)c{t)c{t~ 1 )) as a power series inU = t(aii), where Fq = 
{ai, . . . , a n }. Notice that this expansion is convergent on {t G T \ 
Re(t) < r 1 / 2 }. 

Remark 1.15. In particular, this implies that t(9 x ) = unless x G 
Q- 

Example 1.16. The simplest possible case is when the root datum is 
of type A 1} i.e.K = (Z, Z, {±2}, {±1}, {2}). Put S = {s}, q = q(s), 
and uj = tis. Notice that w G O, the group of elements of length in 
W . Now consider 9 = g -1 / 2 T tl = q~ x l 2 TJT s . The above theorem states 
that t{9 u ) = unless n = —2k with k e Z> 0; and when k > we have 

r{e -2 k) = (g-l)(g*-<T fc ) ={g + g -l _ 2){qk -l + gk -3 + . . . + q l- k y 

The reader is invited to verify this formula directly. 

Lemma 1.17. Let a G R nr and k G Z> . We define a rational func- 

1 /2 

tion d(a; k) in qJv/ 2 an d Qa v by 



^^d(a;k)t k =(q a vc(a,t)c(a,t *)) 



iw- 1 

exp, 



fc=0 



Then d(a; 0) = 1, and for k > we have: 

(q a v - l)(g a v /2 g a v - 1) (iq^ 2 /2 q a v) k - (q 1 ^ /2 q a v)~ k 



d(a; k) = 



{qay2q 2 a v - 1) 



Corollary 1.18. We can reformulate the main result as follows. Let 
x G X . We call n = (7r a )aeR n r + a partition of x if (1) it a G Z>o and (2) 
x = X]ae.Rnr + 7r a a - Then the trace of 9 X can be written as a weighted 
partition function: 

(1.6) r(9 x ) = J2 II 

where the sum is taken over all the partitions n of —x. 

10 



Corollary 1.19. Suppose that q(s) > 1, Ws G S. Then t(9- k ) > 0, 
for all k G Q+. 

2. The minimal principal series and their Intertwin- 
ing operators 

2.1. Definition of the minimal principal series 

The holomorphic minimal principal series are simply defined by in- 
duction from A. Let t G T denote a character of X. 

Definition 2.1. The (holomorphic) minimal principal series I t is the 
induced module It = Ind^it) = TC cg>_4 Ct (where Ct denotes the one 
dimensional module of A corresponding the character t). 

As an Ho module, I t — TCq via T w <g> 1 — > T w (w G Wo)- (Here 7i is 
the subalgebra of TC generated by T s , s & S .) 

Definition 2.2. The image of an element h G Ji in End(it) is called 
its Laplace transform h(t). By the natural identification of I t with 7i 
we will always consider hit) as an element o/End(7^o)- 

We list some basic properties of I t : 

Proposition 2.3. (a) The center Z ~ A w ° acts by scalars on I t , 
according to the character t of A. 

(b) Every irreducible module over H is a quotient of some I t ■ 

(c) If h(t)(T e ) = for all t in some Zariski-dense subset of T , then 
h = 0. 

Proof, (a) and (b) are trivial, and (c) follows directly from Theorem 
p[ □ 

To study the modules I t more seriously, we need to involve inter- 
twining operators. 

2.2. The intertwining operators 

The action of Wo on A can "almost" be realized by inner automor- 
phisms of TC. Here the word "almost" means that one needs to pass 
to some formal completion of TC in order to make certain elements of 
TC invertible. The elements which realize this Ho-action by means of 
conjugation (in a completion of TC) are called intertwining elements. 
We do not want to study the formal completions of TC here, since the 
non-invertibility of the intertwiners in TC is at the heart of the study of 
representations of TC. 

n 



Let us first discuss the construction of the intertwining elements 
themselves. Their definition is closely related to Lusztig's relation |1.1C . 

Definition 2.4. When s = s a G S (with a G F ), we define the 
intertwining element R s as follows: 

R s = 

f (1 - 0_ tt )T, + (1 - g a v) {2a^R QT ) 

— / 1/9 

1 (1 - 9_ 2a )T s + ((1 

T s (l - 9 a ) + (g Q v - 1)0 Q (2a^R nr ) 

1 /2 

l)02a + g;'v /2 (gav - l)0 a ) (2a G i? nr ) 

Definition 2.5. We introduce the following notation. Let ±Wq be the 
group Wo U —Wq. Assume 71 is a ring equipped with ±Wo-action ±w : 
/ — > f ±w . Suppose we are given an equivariant set of elements fp of 
1Z (i.e. f± w p = ff w ), indexed by the roots (5 G R\. When w G W , we 
put 

fw ■= Y\. fa- 

peRi,+nw- 1 Ri- 

We simply write f instead of f wo , where w denotes the longest element 
of Wo. 

Example 2.6. When we define qp = qpvq 2 pv g R+ (with the triv- 
ial action of ±Wq), then we get the usual q(w) = q w . We apply the 
notation of Definition \2.5] frequently to the following cases: 

(1) A/3 : =l-9^eA, 

(2) C/3 := Cl (/3,-)GC(T) ; 

(3) np := g /3 A_ j a(-)c_ / g(-) G C[T] (hence we may and will consider np 
as an element of A, by sending the character xofTto 9 X G A), 

(4) Dp = npn_p. 

Lemma 2.7. In the situation of Definition \2.5] we have the following 
simple rules: 

(1) When l(uv) = l(u) + l(v), then f uv = f^fv 

(2) In particular, f™ oW f w -i = f Wo = f. 

/o\ -fw -f—e rw -fw 

V / JwowJw -1 J wo J 

(4) ^ = /--V 

Theorem 2.8. Let s = s a G Sq with a G Fq, and let (3 G R\ be the 

unique element of R\ which is a positive multiple of a. (For conve- 
nience, we shall write s = Sp with [3 G F\ in the sequel). Then: 
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(1) R S 9 X = 9 s ( x )Rs- 

(2) The R s (s & Sq) satisfy the braid relations corresponding to the 
Coxeter graph Sq. 

(3) R 2 S G A, and in fact R 2 S = D s . 



Proof. (1) is a direct reformulation of Theorem 1.10| . (3) is proved 



by (tedious, but straightforward) direct computation, and is left to the 
reader. To prove (2) we need to show that if w — S\ . . . s m is a reduced 
word in Wo, then the element R w := R Sl . . . R Sm G H indeed only 
depends on w, and not on the chosen reduced word representing w. Let 
us suppose R' w is obtained in the same way as R w , but using a different 
reduced word for w. Let t G T and define r w {t) = R w {t){T e ) G TC , and 
similarly r' w (t). By Proposition |2T^(c) , in order to show R w = R' w , it 
suffices to show that r w (t) = r' w {t) for generic t G T. Now observe that 
both r w (t) and r' w (t) are of the form 

(2.1) A w (r 1 )T w + ^c u>x T u . 

u<w 

On the other hand, both r w (t) and r' w (t) are in the A weight space of 
I t with eigenvalue w(t), by (1). Since the dimension of I t is \W \, it 
is clear that these weight spaces all have dimension equal to 1 when 
t G T reg . Therefore r w (t) and r' w (t) are scalar multiples of each other. 
But then they have to be equal by □ 



Definition 2.9. Let w G Wo, and let w = s\ . . . s m be a reduced word. 
Define Rw = R Sl . . . R Sm G 7i, and r w {t) = R w (t)(T e ) G Ho- Notice 
that (see Example \2.(\ ): 

r w -i(wt)r w (t) = n^n^r 1 ) 
= D w (t). 

Corollary 2.10. From the above proof we conclude that for every w G 
Wq, the weight space If 1 of weight wt in It has dimension 1 when t is 
regular. The elements r w (t) G Tio (with w G Wo) form a basis ofTio in 
this case. 

Corollary 2.11. We have the relation 

Rw^x-Rw -1 D w —t6 wx . 

Definition 2.12. When n w (t) ^ 0, we introduce normalized intertwin- 
ing elements r w (t) G TLq by 

(2-2) r° w (t) = K(t))"V w (t). 
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Corollary 2.13. The elements r w (w't) G TCo (w,w' G Wo) are well 
defined i/n(t)n(t _1 ) 7^ 0. They satisfy the Wo-cocycle relation (u,v G 
Wo arbitrary): 

(2-3) r° u (vty v (t)=rl(t). 

Definition 2.14. Define, for w G Wo, t G T ; and x G Wo — h, 

R(w,t) : J t -> J wt 

a; — > 2T TO -i (lot) 

Corollary 2.15. T/ws defines intertwining maps such that 

(1) R^w^ 1 ,wt)R(w,t) = D w (t)ld no . In particular, R(w,t) is an iso- 
morphism when D w (t) 7^ 0. 

(2) R(u,vt)R(v,t) = R(uv,t) when l{uv) = l{u) + /(f). (Equiva- 
lently, r u (vt)r v (t) = r uv (t) in this situation.) 

(3) By Corollary §TX| 

/ ^ / 1 \ n u (vt)n v (t) 
r u {vt)r v (t) = — — r uv (t). 

IT'uv ) 

Therefore we have: 

n ^/ n u (vt)n v (t) „. , 

R(u,vt)R{v,t) = V 7 ^ w #(m;,t). 

Corollary 2.16. When t is regular and D wo (t) 7^ ; £/ien It zrre- 
ducible. (In fact the following stronger result due to S. Kato [0 holds: 
Wt G T, If is irreducible if and only if D Wo (t) 7^ 0. This is much deeper, 
but we shall not need this fact.) 

2.3. A nondegenerate sesquilinear pairing 

We identify the module I t with TC by T w <g> 1 — > T w (w G Wo), as we 
did before. We define a nondegenerate sesquilinear pairing between I t 
and Jf-i by 

(2 4) J '" lX J * ~" C 

x y -> (x,y) :=T(x*y) 

where x, 1/ 6 H . 

Corollary 2.17. 27ms pairing satisfies (x,yz) = (xz*,y) = (y*x,z) 
when x, y and z are in TCo- 

Lemma 2.18. The element r w (t) G TCo satisfies r w (t)* = r w -i{wi^ 1 ). 
Hence the intertwining operator R(w,t) satisfies: R(w,t)* = R(w~ 1 , wi^ 1 ) . 
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Proof. It is sufficient to prove this for w G So, and in this case it is 
an easy direct computation. Use Corollary |2.17| . □ 



Theorem 2.19. The pairing between Jj-i and I t respects the * opera- 
tor: Wx G H, y, z G Ho we have 

(x^r^y.z) = (y,x(t)z). 

Proof. When x G Ho. this is just Corollary |2.17| . Hence it is 
enough to verify the relation when x G A. It suffices to do so for t 
in some Zariski-dense set, and thus we may and will assume that t 
is regular. By Corollary |2.10| , (r w (t)) we w is a basis of eigenvectors of 
6 x (t), with eigenvalues x(wt). Likewise, using Proposition |1.12| , we have 
that Tyj^w^it' 1 ) is 0%{t~ 1 ) eigenvector with eigenvalue vi(x). Hence 
we just need to show that for v ^ w: 

(T Wfi r W0V (t ^r w (t^ 0. 

But, using Corollary [2.15| and Lemma |2.18| , we have: 

(t r ),r w (t)) = T(r v -i Wo (w vt)T Wo r w (tj) 

(2.5) = r(r w (t)r v -i m (w vt)T m ) 

= const, r (r wv -i Wo (w vt)T Wo ) . 

By equation |2.1| this last expression is when v ^ w, as was claimed. 
□ 



Proposition 2.20. In addition to the proof of the previous theorem 
we see that, since l(w) + ((w^Wo) = l(w ), 

(2.6) (T' wo r WQV (t 1 ),r w (t)) = 6 VtW q(w )A(wt). 



2.4. Matrix elements of the minimal principal series 

We denote by H* the linear dual of H, the space of all complex linear 
functionals on H. Given an endomorphism ip G End(7io) we define the 
corresponding matrix element E(i/),t) G H* of the minimal principal 
series module I t by 

(2.7) E(^,t)(h) :=t rWo (#(t)). 

The character x{h) of It is by definition the matrix element E(ld,t). 
The intertwiners and the pairing discussed above give rise to two func- 
tional equations for the matrix elements: 

Proposition 2.21. (1) E{^p* ,t~ l )(h*) = E(ifi,t)(h). 
(2) E(R(w,t)i)R(w- l ,wt),wt) = D w (t)E(i/;,t). 
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With the pairing of the previous subsection at our disposal, we define 
an important collection of matrix elements of the minimal principal 
series modules. 

Definition 2.22. For u,v G Wq we define the linear functional E UjV 
on H by (he H): 

(2.8) E? v (h) = (T^r^^r 1 ), h(t)r v (t)). 

In other words, E u>v = E(if) U}V (t),t) where if) u ,v(t) G End(7Y ) is defined 
by i/) UjV (t)(ti) = (T wo r mu (r r ),h)r v (t). 

Proposition 2.23. (1) The function t — > E^' v (h) is a regular func- 
tion on T, for all u, v and h. 

(2) E? v (e xl he X2 ) = uit^HtKx^Erw. u 

(3) When t is regular and c{t)c(t~ l ) ^ 0, {E^ ,v } C H* is a collection 
of linearly independent linear functionals on 7i. 

(4) If the stabilizer W t oft is generated by reflections, then the dimen- 
sion of the linear space 7i* t = {(f> G H* \ <f)(zh) = z(t)<j>(h), Vz G 
Z, h G Ti] is equal to |Wo| 2 - I n particular, {E^' v } G H* is a 
basis for this space when t is regular and c(t)c(t _1 ) ^ 0. 

Proof. (1) is obvious, (2) is straightforward, and (3) follows from 
(2), if we know in addition that E^' v ^ when t is regular and 
c(t)c(t~ l ) ^ 0. This follows from the multiplication rules in Corol- 
lary |2.13| for the normalized intertwining elements r®(t) (u G Wo), and 
equation |2~6| . 

(4). Note that Ji\ can be identified with the dual of Ti/(T t 7i), 
where X t denotes the ideal in Z of elements vanishing in t G T. But 
H/(ZtH) ^ H ® A/ (l t A), thus it is sufficient to show that A/{X t A) 
has dimension \W$\ if the stabilizer of t is generated by reflections. For 
t' G Wot, let my denote the maximal ideal of t' in A, and let M = 
Yit'eWot m *'- Note that X t A D M k for suitably large k, because the ring 
A /I t A is finite dimensional over C. Hence A/X t A ~ Am /It Am, where 
Am denotes the M-adic completion of A. By the Chinese remainder 
theorem, Am — ®t'ew tAm t ,- Furthermore, we have T t A mt , — Jt'A mt ,, 
where J t > denotes the ring of Wf-invariant elements of A vanishing in 
t'. Given / G J t > and any k G N, it is possible to find a F G T t such 
that ef G F + m^, with e G A mt , invertible. This implies the claim, 

since is contained in both XtA m , and Jt'Am., if k is sufficiently 
large. 

Since W# is generated by reflections, we see by the theorem of Cheval- 
ley that the dimension of A mtl /Jt'Am t , equals \W#\ = \W t \ for each 
t! G Wot. Whence the result. □ 
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We now list some straightforward consequences of Proposition |2.20| . 
Proposition [2.21| and Corollary [2.15| . 



Proposition 2.24. (1) E^ v (T e ) = 5 uv q(w )A(ut) . 

(2) x{h) = g W-'E^AM) - 1 ^- 

(3) E?' v (h) = ElT W0U {T-^h*T W0 ). 

W - n^n^-xiwt^wt 

Definition 2.25. The element E e t ' e G TL* plays a predominant role, 
and will be denoted by E t . 

Corollary 2.26. The character x{h) equals q(wo)~ 1 ^2 w&Wo 



2.5. Macdonald's spherical function 

Let Tq denotes the central idempotent of Ho corresponding to the 
trivial representation T w —>■ q(w). In other words, 

T + = P (g)- 1 T - 

where Pq is the so called Poincare polynomial 

Po(q) = 

uieWo 

of the Weyl-group Wq. Macdonald's spherical function <j) t e Ti\ is the 
matrix coefficient E(tp + ,t) for the endomorphism 



+ 



i; + (h) = Po(q)(T \h)Tj 

Note that the chosen normalization is such that <fit{T e ) = Tr?{ (?/> + ) = 1. 
It is not difficult to express <j> t in terms of the basis E^' v we introduced 
in the previous subsection. 



Lemma 2.27. (1) Vw e W , T +r° (t) = T + . 
(2)T + = ggE^ cMr°(t). 

Proof. (1) is a simple direct computation. 
(2) Write 

(2-9) T+ = UtK(t). 

Using (1) we find that b w (t) = b m (wowt). We compute b WQ by the 
remark that the only summand on the right hand side of |2]9| that 
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wo\ ) „U\ w °' 



contributes to the coefficient of T WQ , is b Wo (t)r^ (t). Now recall that, 
modulo the space spanned by T w with w ^ wq, 

n(t) 

Comparing coefficients leads to the required result. □ 

Clearly, <fi t is completely determined by its values on the subalgebra 
7i + = Tq"HTq . This important *-subalgebra of 7i is isomorphic to the 
center of 7i by the so-called Satake-isomorphism, via the map 

(2-10) 

It is also clear that the elements 0+ = Tq9 x Tq with x G X + form a 
linear basis of Let us determine the spherical function by com- 
puting its values on this basis. The result is the well known formula of 
Macdonald for the spherical function. 

Theorem 2.28. (Macdonald M) When x G X + , 



u>eWo 

Proof. Use the above lemma. □ 
It is now easy to relate (fit to the matrix element E t : 
Proposition 2.29. 

Proof. 

E t (T+hT+) = (T m r W0 (t- 1 ),T+h(t)T+) 

= (T + T wo r wo (r 1 ),/ i (t)T + ) 

= gWn(r 1 )(T + r» (t-^MtW) 



q(w )n(t- 1 )(T^,h(t)7^) by Lemma fT27|(l) 
q(w )n(t~ ] ' 



^o(g) 



-0 t (/i). 



□ 



The basis 9£ (x G X + ) of is orthogonal. We need the following 
(standard) notation to formulate the result. When x G X + , let W x 
denote the stabilizer of x in W . Let W x be the set of shortest length 
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representatives for the right cosets of W x in W . It is well known that 
q(uv) = q(u)q(v) and that T uv = T U T V when u G W x and v G W x . 

Definition 2.30. Let P x (q) = J2 we w x <l( w )> andP x (q) = J2 we w- Q( w )- 
Note that P = P X P X . Likewise, define T+ = P^q) -1 ^2 weW T w and 
T x >+ = P x (q)~ 1 ^2 weWx T w - Then T + = T x,+ T x . Finally we write w x 
for the longest element in W x , and w x G W x for the element such that 
Wo = w x w x . 

Proposition 2.31. When x,y G X + , we have: 

(0+ f)+\ = ^.ygK) 
V*>°v) P (q)P*( q y 

Proof. Notice that 9+ is a linear combination of elements of the 
form T utxV with u G Wq and v G W x . In fact we have: 

6t = 5{- X yl*T+T tx T+ 

= 5{-xf/ 2 T x ' + T t T+ 



(2.11) 

\ i . \ -i- / — , . i . . . ■< i 



Po(q)P x (q) ueWXjVeWo 

To verify the last line, notice first that the sum on the right hand side 
is invariant for multiplication by T + on either side. So we only need 
to check the coefficient of one, suitably chosen element T utxV . Choose 
T w x txWo . With the above expression for 9 X at our disposal, it is easy to 
compute (&+,8t) = 6(-y) 1 ' 2 (0+,T ty ). □ 



3. Eisenstein series for the Hecke algebra 

Consider the vector space of formal sums Ylwew °wT w . Notice that 
this vector space carries a natural structure of a left and right H mod- 
ule, since multiplication (on the left or the right) with finite sums is 
always well defined. Also the trace r has a natural extension to the 
vector space of formal sums. When = J2 weW c w T w , we shall thus 
define a linear functional on H by <f>(h) = r((ph). In other words, 
we define 4>(T W ) = q(w)c w -i. In this way we will identify the algebraic 
dual TL* with the vector space of formal sums. We equip H* with the 
weak topology. 

Now let us consider, for t G T, the sum 

xdX 
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If this sum is convergent in 7i*, it will clearly satisfy: 

S t (6 x h)=S t (h6 x ) = t(x)S t (h). 
By Proposition |2.23| this implies that 

St = f(t)E t , 

provided that the left hand side converges. We want to compute the 
function /, but let us first treat the question of convergence. 

3.1. Convergence in H* 

Lemma 3.1. Let u,i)G Wo, and x G X. Then 

(1) r{T u 6 x T v ) = unless x G Q-. 

(2) Ve > 1, 3C e > such that \/x G Q-, 

(3.1) \r{T u 6 x T v )\<C e 5 l J q 2 {-x). 

Proof. (1) When x G X + it is clear that T U 9 X T V will be a linear 
combination of T w with w in the double coset Wo^eWq- Hence this will 
not have a constant term, unless x — 0. For general x G X, we denote 
by C + (se) the convex hull of the Wq orbit of x, intersected with the 
cone x + Q + . We claim that for every x G X: 

(3.2) T U 9 X T V G 2J H 9 y H . 

yex+nc + (x) 



Let us prove [3.2| . When 2 G" X , we can choose a fundamental root 



a G F such that (2, a v ) < 0. Apply Lusztig's formula (Theorem |1.10|) 
with s = s a v , and we see that we can express 6 X as follows: 

6 X G H 9 y H . 

When there still are elements y G X\X + in this sum, we repeat this 
procedure for those y. After k steps, we have expressed 6 X as an element 
in the sum of double coset spaces H 9yH , with y either in the set 
X + R C + (x), or otherwise in {y G C + (x) | (y — x, p v ) > fc}. By the 
finiteness of C + (x), this last set will be empty if k is sufficiently large. 
(2) We use induction on the height — (x, p v ) for x G Q-. First we 
choose iV G N such that Va G F : 



(3.3) 

/0 ,w x _at . eg a vg a v/ 2 (gQ,v - 1) + q a vq a v/ 2 - 1 
{2q a vq a v /2 - l)(eq a v) H ^ < 1. 
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We use the usual convention that g Q v / 2 = 1 if ct v G" 2Y, in which case 



condition 3.3 reduces to 



(3.4) (2g Q v - l)(eq a ,)- N + < 1. 

eq a v - 1 

Write p v = Y.aeF ^« V - Choose M G N such that 

M > N\F \max{l a } aeFo . 

Consequently, if — (x, p v ) > M then 3a G F such that — (x, a v ) > AT. 
In order to start the induction, choose C e > such that equation 



37T] holds Vs G Q_ for which — (x,p v ) < M (a finite subset of Q-). 
Let x G Q_ with — (x,p v ) > M, and assume by induction that [3J] 
holds Vy G Q_ such that (y,p v ) > (x,p v ). Choose a G F such that 
— (x, ct v ) > iV, which is possible by our choice of M, and let s = s a v. 
We write (assuming ct v G 2K, the other case being similar and easier): 

(3.5) 

= t u t s (t; 1 6 x t s )t; 1 t v 

= T u T s {d x d^f ) )T; l T v + 

+ T u ([q a v/ 2 q a v - 1) + ^( 2 /2 (g Q v - l)0_ a ) gg, 1 _ ~ a — T~ l T v 

Now we note that 
(3.6) 

T us if l(us) = l(u) + 1 

(q a vq a v/ 2 - 1)T U + q a vq a v /2 T us if l(us) = l(u) - 1 

and that, similarly, 

(3.7) 

T sv if l(sv) = l(v) — 1 

(?«v?aV/2 - 1 ) T " + QaV<laV/2 T ™ if Z ( SU ) = + 1 

Now |3l| leads directly to the desired result when we use the simple 
equations and |3T7| , together with the induction hypothesis, the fact 
that — (x, ct v ) > iV, and the inequality |3.3|. □ 



T T 

± u ± s 



rp-lrp 
- 1 S ± V 



Corollary 3.2. £ t is weakly convergent ifRe(t) < 5~ l l 2 . Here we use 
the ordering on the space T rs = Hom(X, R + ) of real characters of X, 
given by ti < t 2 ti(a) < t 2 (a)\/a G Rq,+ - 

Proof. On a basis element T u 9 y we have to show that 

J2\t(y-x)\\r(TJ x )\ 
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is convergent. By Lemma ^TT] it is enough to check the convergence of 

x£Q + 

This is clear when we choose e sufficiently small. □ 

Definition 3.3. The series £ t G ri* will be called "the Eisenstein se- 
ries" for ri. 

3.2. Meromorphic continuation of £ t 

The formal series S t has meromorphic continuation to T, and is in 
fact a rational function. This simple fact is proved in the next lemma. 



Lemma 3.4. Recall the notations of Example $.(\ . The functional 
D{t)£ t (with Re(t) < 5~ l l 2 ) can be written as: 

D(t)£ t = DZ 0W R W Z?R W -^ 

where 

S t = E t(-wx)0 x . 

x£X+:w£W x 

In particular, V/i G TC, t — ► D(t)£ t {h) extends to a regular function on 
T. 



Proof. This is clear from the relation given in Corollary |2.11 
D(t)£ t = D£ t 

= ^ D™ QW D w -i K-^)0 WX 



since 



wew XGX+-.WGW 1 



E D ™^ R ™ ( E K-wx)9 x J R w -u 



□ 



Theorem 3.5. Recall Definition \2.2b\ of the matrix element E t . We 
have: 

D(t)£ t = A(t~ 1 )E t . 

Proof. As we already remarked in the beginning of this section, it 
is clear that E t and £t are proportional. In order to find the ratio of 
proportionality, we project both of them onto Macdonald's spherical 
function (p t . In the case of E t this was done in Proposition |2.29| . 
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Now let us concentrate on £ t . We write 
D{t)£ t {9t) = dsM) 



(3.1 



r{T+D£ t T+e x ) 

/] t {TqDZ oW Rw£?Rw-^Tq9 x ). 



w£Wo 

Before we continue, it is convenient to introduce some more notation. 
Let / and g be elements in TC*. We say that / and g are asymptotically 
equal if there exists an iV G N such that f(T wtx ) = g{T wtx ), Ww G W 
and Va; G X that satisfy the condition: Va G R, \(x, a v )| > N. This is 
an equivalence relation on TC*, which we shall denote by / ~ g. Note 
that ~ is respected by the left and right TC module structure of TC*, 
and that the equivalence class of G TC* contains TC C TC*. 

Given t G T, we introduce a right and a left evaluation map, denoted 
h — ► h(t) and h — > respectively, from TC to 7io- These maps are 
defined on basis elements by: 

{T w x ){t)=t{x)T w 

and 

(t)(O x T w ) — t(x)T w . 

Of course, the right (left) evaluation is the unique homomorphism of 
left (right) TCq modules extending the usual evaluation map 9 X — > t(x)T e 
on A 

With these notations it is clear that 

D^RuefRv-i ~ D W0W {w-H)R w {w-H)£f (( W -H)R w -i) 
Moreover, using the Definitions |2.4| and ^.9| we easily find: 

R w (w~H) = r w {w~ l t) 

and 

/3e-Ri,+nu)i?i,_ 

After this simplification we can deal with the left and right multiplica- 



tion by T that occurs in |3.8| . We can use the fact that Tq is central 



in TCq, and that, by Lemma [2.7| and Lemma |2.27| , we have 



TqT w (w H)=n w -i(t ^Tq" 1 



and 



r„,-i(r 1 )T + = T + n u ,-i(t- 1 ). 
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Now continue equation |378| , to obtain for x G X + very far from walls: 
= T{T+DZ QW R w £t"R w ^T+e x ) 



E { II (-m)}D W oUt)n w -^) 2 T(T + SrT + 9 x ) 

E< II (-mmn^Aw-H)^-^- 1 )} 



wew /3eHi,+nt«_Ri, 



Po(q) 2 



{n^w-H-^-iit- 1 )} t{-wy)r{ep x 

y ex+ 

E { n (-tim^itMt-^iwow-H^x) 

(using Lemma |2.7| and Proposition 



g(^o) 3 



A(t)A(t _1 )c(t) E c(wt)wt( 



X) 



Po(q) 

q(wo) 

Po(q) 



A^xr 1 )^) 



Comparing this result with Proposition |2.29| finally gives the desired 
result. □ 

Remark 3.6. Surprisingly, the result of the above computation is cor- 
rect for all strongly dominant x in D(t)S t (6 x ) . This is better than one 
would expect, at first sight, from this method of computation! 



3.3. Proof of the main theorem 

By Theorem |3.5| we may write, when Re(t) < <5 -1 / 2 : 

E t \ ( I 

r \-X)V x = I — ; 

x<=X 



(3,) S, ? «=(-^)( 



q(w )A(t)J \q(w )c(t-i)c(t) 



The main Theorem 1.14 follows by taking the trace r in formula 3.9, 



using Proposition 2.24 
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3.4. A disintegration of the trace 



The formula for the trace we have now derived is only a simple 
formal consequence of formula |3.9| . Formula is itself of fundamental 
interest, since it is the starting point for the spectral analysis of TC. This 
may be illustrated by the following obvious disintegration formula : if 
to G T rs G Hom(X, R+), the split real form of T, with to < 5 -1 ^ 2 , then 



(3.10) *ex Jt& * T ° 



S t dt. 



t& T c 



Thus, when we use |3.9| , and interpret formula |3.10| as a weak integral 
of a function with values in Tl*, we obtain: 

Theorem 3.7. 

(3.11) r= I ( Et \ dt 

\q{w )A{t)J qiwoXt- 1 )^)' 

Here T c = Hom(X, S 1 ), the compact form of the algebraic torus T, 
and dt denotes the holomorphic n-form on T which restricts to the 
normalized Haar measure on T c . This formula might be called "the 
Laplace inversion formula" for 7i. In order to refine this formula to 
the level of a spectral resolution of r, we need to carry out a contour 
shift, sending t to e G T rs . The resulting formula will be an integral 
of tempered characters of 7i, against a positive measure. This refine- 



ment of Theorem |3.7| requires several techniques, and will be discussed 
elsewhere. 

Macdonald's spectral resolution [Q of the trace function of the al- 
gebra 7i + can be recovered easily from Theorem |3.71, by applying the 



projection onto the spherical function as in Theorem |3.5|. We find: 



r\ n+ = I T+£ t T+dt 

(3.12) 



o w-^o 

t€t T c 

If dt 



Po(q) JtetorJ c(fi) 

i r dt 



Po(q) JterJ c(t~i) 
We can send t to e in T rs without meeting poles of the integrand, 
because the projection of £ t onto 4>t created a "window" in the set of 
poles. This step is crucial, and explains the simplicity of the spherical 
harmonic analysis. In particular there is only continuous spectrum in 
this case. 
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We resume the computation of 



3.12 



1 y 




i r dt 



\W \q(w ) J teT Jc(t)c(t-i)- 

More difficult is the formula that one obtains after projection onto 
the anti-spherical function <f>~[ defined by 4>t(h) = Po(q)(T^, h(t)T ~), 
with Tq the central idempotent of Ho corresponding to the sign repre- 
sentation T w — > (— of Hq. Here one obtains: 



(3.13) 



An- = T £ t T dt 

h&oTc 

i r ,_ dt 



PoiQ- 1 ) JtetoTc c{t) 



This time, the window in the set of poles of the integrand is in the 
direction of the positive chamber of T rs , so we cannot avoid the poles 
when we shift the contour. Nonetheless, the structure of the set of 
poles which one has to deal with, is essentially simpler than in the case 



of Theorem 13.7] . The anti-spherical case was dealt with in 0. It gives 
insight in the anti-spherical Plancherel measure, in particular in the 
formal degrees of the discrete spectrum (with anti-spherical vector!). 

We expect that it is possible to find similar information for the full 
tempered spectrum, starting from Theorem |3~7. 
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